The interpretation of future precise experiments on atomic parity violation in terms of parameters of the Standard Model could be hampered by uncertainties in the atomic and nuclear structure. While the former can be overcome by measurement in a series of isotopes, the nuclear structure requires knowledge of the neutron density.
I. INTRODUCTION
Precision studies of electroweak phenomena provide very important tests of the SU(2) L × U(1) Standard Electroweak Model. The measurement of the parity nonconserving (PNC) components of the atomic transitions belongs to this class. It offers a unique opportunity for testing the electroweak radiative corrections at the one loop level, and, possibly, to search for new physics beyond the standard model [1, 2] .
The PNC effects in atoms are caused by the γ, Z 0 interference in the electron-nucleus interaction. The dominant contribution comes from the coupling of the axial electronic current to the vector nuclear current. (The interaction of the electronic vector current with the nuclear axial current is weaker in heavy atoms, and can be eliminated by summing over the PNC effects in the resolved hyperfine components of the atomic transitions. The hyperfine dependent effect, which also includes the nuclear anapole moment, is of interest in its own right [3, 4] , but is not considered hereafter.) Since the vector current is conserved, atomic PNC essentially measures the electroweak coupling of the elementary quarks.
At the present time, PNC measurements in stable 133 Cs atoms have ±2% experimental uncertainty [5] . (An earlier experiment in Cs was performed by Bouchiat et al. [6] ; the studies of PNC effects in atoms have been reviewed by Commins [7] and Telegdi [8] .) However, improvement by an order of magnitude in the experimental accuracy is anticipated and a possibility of measuring PNC effects in unstable cesium and francium isotopes has been discussed [9] . At this level, two issues must be resolved before an interpretation of the PNC data in terms of the fundamental electroweak couplings is possible. The atomic theory, even in its presently most sophisticated form [10, 11] , introduces about ±1% uncertainty.
Moreover, the small but non-negligible effects of nuclear size [12, 13] must be addressed.
This latter problem is the main topic of the present work.
Atomic PNC is governed by the effective bound electron-nucleus interaction (when taking only the part that remains after averaging over the hyperfine components) of the form
where the proton and neutron densities ρ p,n (r) are normalized to unity, and we have assumed the Standard Model nucleon couplings
The electron part in Eq. (1) can be parametrized as [12, 13] 
where C(Z) contains all atomic structure effects for a point nucleus, N is a precisely calculable normalization factor, and f (r) describes the spatial variation (normalized such that
. It is the integrals
that determine the effect of the proton and neutron distributions on the PNC observables.
The formfactors f (r) can be calculated to the order (Zα) 2 for a sharp nuclear surface of radius R [12, 13] ,
For a diffuse nuclear surface numerical evaluation of f (r) is necessary (see below). However, the coefficients at r 2 and r 4 remain numerically of the order (Zα) 2 and depend only weakly on the exact shape of ρ p,n (r). In addition, since the electric potential near the nucleus is very strong, one can safely neglect atomic binding energies in the evaluation of f (r). Below we will separate the effects of the finite nuclear size (i.e., effects related to the deviations of q n,p from unity); these terms will be represented by a nuclear structure correction to the weak charge.
Taking the matrix element of H P N C , one obtains
where Q W (N, Z), the quantity of primary interest from the point of view of testing the Standard Model, is the "weak charge." In the Standard Model, with couplings (2) and (3), the weak charge is
The nuclear structure correction Q nuc W (N, Z) describes the part of the PNC effect that is caused by the finite nuclear size. In the same approximation as Eq. (8) above
where q n,p are the integrals of f (r) defined above. (Nuclear structure also affects the normalization factor N , which is, however, determined by the known nuclear charge distribution [12, 13] .)
In a measurement that involves several isotopes of the same element, ratios of the PNC effects depend essentially only on the ratio of the weak charges and the corresponding nuclear-
(The dependence N on the neutron number N will not be considered here.) The ratios of the nuclear-structure corrected weak charges, in turn, depend, to a good approximation, only on the differences ∆q n of the neutron distributions in the corresponding isotopes. The uncertainties in these quantities, or equivalently, in the differences of the neutron mean square radii δ(∆ r 2 N,N ′ ), then ultimately limit the accuracy with which the fundamental parameters, such as sin 2 θ W , can be determined.
It is the purpose of this work to evaluate quantities q n,p for a number of cesium isotopes, which might be used in future high-precision PNC experiments [9] . Moreover, we estimate the uncertainty in these quantities, respectively in their differences, since they represent the ultimate limitations for the interpretation of the PNC measurements. Others, e.g., Ref. [10] do not explicitly separate the nuclear structure dependent effects. We believe that such a separation is very useful, since, as stated above, f (r) in Eq. (6) and hence also q n,p , Eq. (5), are essentially independent of atomic structure.)
II. NUCLEAR HARTREE-FOCK CALCULATION
As demonstrated by numerous calculations, the microscopic description of nuclear ground state properties by means of the Hartree-Fock (HF) method with an effective Skyrme forcelike interaction is remarkably successful [14, 15] . The few adjustable parameters in the Skyrme force are chosen to fit the various bulk properties (energy per nucleon, compressibility modulus, symmetry energy, etc.), and properties of several doubly magic nuclei (binding energies, charge radii, etc.) [16] . The two most popular sets of Skyrme parameters, namely Skyrme III and SkyrmeM * have been successfully employed to describe the properties of nuclei in several regions of the periodic table [18, 19] . Below we show only a few formulae essential to the basic understanding of the numerical calculation that we performed; details can be found in the quoted references.
The generalized Skyrme force (including all possible spin-exchange terms and zero-range density-dependent interaction) can be written as,
where t 0−3 , x 0−2 and W are the adjustable parameters, and δ ≡ δ(r − r ′ ).
Because we are dealing with odd-A nuclei, the unpaired nucleon introduces terms that break time-reversal symmetry in the HF functional. When the spin degrees of freedom are taken into account, the breaking of time reversal symmetry leads to a rather complicated functional [20, 21] . The total energy E, which is minimized in the HF method, can be written as a space integral of a local energy density
with
For complete expressions of the Coulomb energy E C and the coefficients B i (i = 1, . . . , 13) see Ref. [21] , where the dependence on Skyrme force parameters in Eq. (10) is given. The mass densities ρ τ , kinetic density τ τ , current density j τ , spin-orbit density ∇ · J τ and vector density ρ τ (τ = n, p) in Eq. (12) can, in turn, be expressed in terms of the single-particle wave functions Φ k . The variation of E with respect to Φ * k (r, σ) defines the one-body Hartree-Fock
In the following we will use the mass densities ρ τ , which can be expressed as
Here Φ k (r, σ) denotes the component of the kth single-nucleon wave function with spin 1 2 σ(σ = ±1) along the z direction, and v 2 k are the BCS occupation factors (see below). The expressions for the other densities are again given in Ref. [21] .
The mean square proton and neutron radii are given by the usual formulae
In this work, two discrete symmetries, namely parity and z-signature, are imposed on the wave functions [15, 21] . The complete description of a wave function requires four real functions corresponding to the real, imaginary, spin-up and spin-down parts of Φ k [21] .
The numerical approximation to the HF energy E is obtained by a discretization of the configuration space on a three-dimensional rectangular mesh. The mesh size ∆x is the same in the three directions and the abscissae of the mesh points are 1 2 (2n + 1)∆x. In this work, ∆x is 0.8 fm, and the mesh size is 16 × 16 × 16. The numerical procedure is described in detail in Ref. [15] .
Pairing correlations need to be included in a realistic description of medium and heavy nuclei. We choose to describe pairing between identical nucleons within the BCS formalism using a constant strength seniority force [15] . In the usual BCS scheme, the paired states are assumed to be the two time-reversed orbitals Φ k and Φk. Although time reversal symmetry is broken in our calculations of odd-A nuclei, the time-reversal breaking terms in the functional generated by the unpaired odd nucleon are very small compared to the time-reversal conserving terms so that the time reversal symmetry is still approximately good. In our calculation we define the pairing partner Φk of state Φ k to be the eigenstate of h whose overlap withT Φ k is maximal (T is the time-reversal operator). Because the single particle orbital occupied by the unpaired nucleon and its signature partner do not contribute to the pairing energy, we introduce blocking in our code to prevent these two orbitals from participating in pairing and force their BCS occupation numbers to be 1 and 0, respectively.
As some of the cesium isotopes considered here are deformed, it is very important to take the deformation degrees of freedom into account. The method of solving the HF+BCS equations by discretization of the wave functions on a rectangular mesh allows any type of even multipole deformation. The deformation energy curves are obtained by a constraint on the mass quadrupole tensor Q ij = (3x i x j − r 2 δ ij ). The two discrete symmetries of the wave functions Φ k ensure that the principal axes of inertia lie along the coordinate axes.
The quadrupole tensor is, therefore, diagonal and its principal values Q i can be expressed in terms of two quantities Q 0 and γ as
where Q 0 and γ satisfy the inequalities
The values of the three constraints Q i were computed from the desired values of Q 0 and γ and inserted in a quadratic constraint functional added to the variational energy, according to the method described in Ref. [22] . In the calculations described below, we constrain the nuclear shape to be axially symmetric (γ = 0).
III. COMPARISON WITH EXPERIMENT
In Fig. 1 
We include this effect of the shape fluctuations using the quantities β 2 extracted from the measured transition matrix elements B(E2, 0 + → 2 + ) and the relation
We take the average B(E2) of the corresponding Xe and Ba isotopes with neutron numbers 4 . We see, therefore, that the calculation is quite successful in the absolute radii (and even surface thicknesses), in particular for the SkmIII interaction (which gives also the correct ground state spin).
The calculated shifts in the neutron radii δr Very little reliable experimental information on neutron distribution in nuclei is available.
In Ref. [28] , data from pionic atoms are analyzed. In Ref. [13] the uncertainty in the integrals q n,p was estimated from the spread of the calculated values with a wide variety of interactions. Some of the interactions employed in [13] give better agreement for known quantities (charge radii, binding energies, etc.) than others. We chose to use only the two most successful interactions. The spread in the calculated shifts δr 2 p,n for these two interactions is less than our postulated error of 0.2 fm 2 .
Pollock et al. [13] also argue that the isovector surface term (
the Skyrme Lagrangian is poorly determined and may affect the neutron skin significantly, without affecting most bulk nuclear properties. We tested this claim by modifying simultaneously the coefficients B 5 → B 5 (1 + x) and B 6 → B 6 − 2B 5 x in Eq. (12) . We find that when we vary x (i.e., the relative strength of the isovector surface term) from +0.3 to -0.3 the proton radius r 2 p changes indeed very little (about 0.06 fm 2 ) and the neutron radius changes somewhat more (by about 0.1 fm 2 , still less than our estimated error). However, the binding energy changes by about 5 MeV, more than the largest discrepancy between the theory and experiment. Thus, we do not think that the uncertainty in this particular coefficient of the Skyrme force alters our conclusions.
IV. ESTIMATED UNCERTAINTIES IN PNC EFFECTS
The nuclear structure effects are governed by the coefficients q n,p , Eq. (5), which in turn involve integrals of the formfactors f (r), Eq. (6). The function f (r) is slowly varying over the nuclear volume, and may be accurately approximated by a power series
and, therefore,
For a sharp nuclear surface density distribution the only relevant parameter is the nuclear radius R and r 2n = 3/(2n + 3)R 2n . Using the experimental r 2 = 23.04 fm 2 for 133 Cs [25] , we find from Eq. (6) f (r) = 1 − 2.10 × 10
where the distance is measured in fermis. If, instead, we solve numerically the Dirac equation for the s 1/2 and p 1/2 bound electron states in the field of the finite size diffuse surface nucleus, we obtain the coefficients f 2 (f 4 ) of −2.31 × 10 −3 (1.21 × 10 −5 ) when we use the standard surface thickness parameter t = 2.25 fm, and −2.267 × 10 −3 (1.157 × 10 −5 ) when we use the surface thickness adjusted so that the nuclear density parametrized by the two-parameter
Fermi distribution resembles as closely as possible the Hartree-Fock charge density in 133 Cs.
The expansion coefficients f 2 , f 4 depend, primarily, on the mean square charge radius.
To take this dependence into account, we use for 133 Cs the f 2 and f 4 above, and for the other isotopes, we use the same surface thickness parameter (t = 1.82) and adjust the halfway radius in such a way that the experimental < r 2 p > are correctly reproduced.
It is easy now to evaluate the uncertainty in the factors q n,p given the coefficients f 2 , f 4 and our estimates of the uncertainties in r 2 and r 4 . Substituting the corresponding values, we find that the uncertainty is δq n,p = 4.6×10 −4 , caused almost entirely by the uncertainty in the mean square radii r 2 n,p . This uncertainty represents about 1% of the deviations of q n,p values from unity.
Before evaluating the nuclear structure corrections Q nuc W (N, Z) we have to consider the effect of the intrinsic nucleon structure. Following [13] we use
where r 
very close to the sharp nuclear surface values of Pollock et al. [13] . The above intrinsic nucleon structure corrections are small, but not negligible. More importantly, they are independent of the nuclear structure, and cancel out in the differences ∆q n,p .
The quantities 100×(q n -1) and 100×(q p -1) are listed in Table III for all cesium isotopes and for the two Skyrme interactions we consider. One can see that they vary by about 4% for neutrons and are essentially constant for protons when the neutron number increases from N = 70 to 84. The variation with N is essentially identical for the two forces, while the small difference between the q n,p values calculated with the two forces reflects the difference in the absolute values of radii for the two interactions.
The weak charges Q W (N, Z) and the nuclear structure corrections Q nuc W (N, Z) in Table   III are radiatively corrected. Thus, instead of the formulae (8), (9) we use
following [2] . Here S is the parameter characterizing the isospin-conserving "new" quantum loop corrections [30] . Also,
These quantities, evaluated for S = 0, are shown in Table III . The assumed uncertainty in the shifts of the mean square radii, and consequently in the changes in factors q n,p results in the relative uncertainty δQ W /Q W of 5×10 −4 . That uncertainty, therefore, represents the "ultimate" nuclear structure limitation on the tests of the Standard Model in the atomic PNC experiments involving several isotopes.
In the atomic PNC experiments involving a single isotope, the uncertainty in the neutron mean square radius is larger, and 1 fm 2 appears to be a reasonable choice. Thus, from nuclear structure alone, the weak charge in a single isotope has relative uncertainty of about 2.5×10 −3 , perhaps comparable to the best envisioned measurements, but considerably smaller then the present uncertainty associated with the atomic structure.
Suppose now that in an experiment involving several cesium isotopes one is able to determine the ratio
with some relative uncertainty δR/R. To a (reasonable) first approximation
Thus, we see that nuclear structure contributes to the uncertainty of R at the level of roughly 7×10 −4 , where we added the individual errors in quadrature. This uncertainty is much smaller than the anticipated experimental error.
In such a measurement, therefore, the uncertainty inx will be
(see also [2, 13] ) where the last factor is evaluated for N ′ , N = 70, 84. The above equation
illustrates the obvious advantage of using isotopes with large ∆N. Also, by performing the measurement with several isotope pairs, one can further decrease the uncertainty δx. On the other hand, the uncertainty in the important parameter S is determined from the relation δx = 0.00365δS, and thus
In conclusion, we have evaluated the nuclear structure corrections to the weak charges for a series of cesium isotopes, and estimated their uncertainties. We concluded that the imperfect knowledge of the neutron distribution in cesium isotopes does not represent in the foreseeable future a limitation on the accuracy with which the Standard Model could be tested in the atomic PNC experiments.
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